Aharonov and Bohm noted that the wave-function of a charge acquires a detectable phase when superposed along two paths enclosing an infinite solenoid, even though that wave-function is nonzero exclusively where the solenoid's electric and magnetic fields are zero. This phase was long considered radically different from all other quantum phases, because it seems explainable only via local action of gauge-dependent potentials, not of the gauge-invariant electromagnetic fields. Recently Vaidman proposed a model explaining the phase only in terms of the electron's (magnetic) field at the solenoid, later developed by Kang with a lagrangian treatment. However, this analysis treats the field as semiclassical and is still not local. For it does not explain how the phase, generated by the field-field interaction at the solenoid, is detectable on the charge when closing the interference loop. A quantum treatment of the field is needed for that. In this paper we propose a local model, where the field is treated quantum-mechanically. This shows that the Aharonov-Bohm (AB) phase is generated by the same quantum local mechanism as all other electromagnetic phases. It is mediated by the entanglement between the superposed charge and the EM field, also modelled as a quantum system. Surprisingly, the quantised model produces some experimentally different predictions from the semiclassical accounts of the AB phase, because it predicts that the phase at any point along the charge path is gauge-invariant and locally generated, and therefore in principle detectable by measuring observables of the charge. We also propose a realistic experiment, within current technological reach, where the predicted phase difference along the path is measured, by performing (a partial) quantum state tomography on the charge without closing the interfering charge paths.
Introduction. In the AB effect, a charge q is prepared in a superposition of two spatial paths which, together, encircle a magnetic field B s confined to a vanishingly small area, usually thought of as produced by an infinite solenoid, [1] . We shall consider, for simplicity, a MachZehnder-like interferometer, as in figure 1 (where the two paths can be labelled as left and right according to their position relative to the solenoid.) The phase difference between the two interfering paths, evaluated on a closed path enclosing the solenoid, is the AB phase. It can be expressed as ∆φ AB = q S B s ds, where S is the surface enclosed by the paths. This phase has been detected in a number of experiments, see e.g. [2] . Yet classically, there is no field acting locally on the charge, because the classical electromagnetic (EM) field of the solenoid (assumed to be infinite) is zero where the wave-function of the charge is non-zero. This is why the AB phase appears to be radically different from all other phases, which instead can be explained by a semiclassical model via the EM fields acting locally on the charge. A semiclassical model of the AB phase via local action on the charge's path can still be given with the vector potential A, defined so that B s = ∇ ∧ A. The AB phase can be then expressed as: ∆φ AB = q Adl. This explanation is however problematic, because it relies on the local action of the vector potential, which is not a physical observable. This motivated the ongoing controversy about whether there could be a semiclassical description of the AB effect that does not involve potentials, only fields, see e.g. [3] [4] [5] [6] [7] [8] .
Important progress to settle this issue was made via the semiclassical model proposed by Vaidman, [4] , where the phase is generated via the interaction between the magnetic field of the charge B e and that of the solenoid B s at the point of the solenoid, recently grounded by Kang in a Lagrangian treatment, [8, 9] (see also [10] ). The semiclassical field-based model presents an interesting difference from the potential-based model, as pointed out by Kang, because it predicts a well-defined value for the phase difference as the charge moves along the path, not just for the phase difference for the completed loop. Consider two points r L on the left path and r R on the right path (see figure 1 ). The phase difference between the configuration where the charge is at r L and that where the charge is at r R is expressed, in the traditional model based on the vector potential, as:
Adl . This is a gauge-dependent, unobservable quantity; whereas the field-based model produces a gauge-independent prediction for that phase difference, [8] . However, the semiclassical field-based model is still non-local, because the phase is generated at the point of the solenoid via the local interaction between the charge's and the solenoid's fields. The model does not explain how the phase later is available by measuring observables of the charge, which is travelling in the region where, semiclassically, the field is zero. In this paper we show that these locality issues are, in fact, a bug of the semiclassical approximation and are completely resolved if one treats the field quantummechanically. The interaction between the superposed charge and the quantum field can account for how the AB phase is acquired locally, point-by-point, by the charge as it moves along its path, just like any other quantummechanical phase generated by the interaction with the EM field. In our quantum model the EM field is a collection of quantum harmonic oscillators: even when they are in their vacuum state, and hence semiclassically the field is zero, the q-numbered observables of the field are still coupled with the q-numbered observables of the charge and of the solenoid at their respective points. This gives a fully local account of the phase generation on the charge, which is equivalent (not dramatically different, as some have argued [6] ) to the quantum-field theory account for all other EM phases. : Quantum network illustrating the AB phase generation along the charge's path rc(t), via an idealised local gate (acting at each point rc(t), involving the photon field F, where U = exp(iHAB).
In our model, the AB phase is mediated by the entanglement between the EM field and the charge, achieved by local quantum coupling between the sources and the EM field (which could be vanishingly small, [4] ). It is therefore not a surprise that treatments of the AB effect where the field is a classical background are inadequate to model fully the phase formation: as we showed with a general information-theoretic argument, a classical field cannot be the mediator of entanglement, [14] . Our proposed model also provides a quantum explanation for earlier conjectures that the AB effect issues could be resolved by considering the coupling between the complex scalar field and the vector potential, [3] . Our model provides a prediction for how the observables of the charge depend on the phase difference point by point along its path, bearing out Vaidman's [4] and Kang's semiclassical analyses [8, 9] and providing a fully local account of how that is generated.
In addition, we provide an experimental proposal to measure the phase difference as the charge moves around the solenoid, without closing the interferometer. Our experimental scheme builds on Kang's proposals to discriminate the field-based and the potential-based models, [8, 9] , addressing one of their major problems, i.e. the need to violate charge conservation or fermionic superselection rules [8, 9] . In our proposal, we obviate this problem by proposing a state-tomography in the subspace of a two-charge system, which, interestingly, does not violate the charge conservation law or the fermionic superselection rule. This builds on a recently devised scheme to detect single-electron entanglement without violating superselection rules, which utilises a reference particle [11] . We shall first propose a quantum network explaining how the AB phase is generated via entanglement with the field. Then we analyse how the phase affects the observables of the charge, in the Heisenberg picture. This clarifies how the phase is locally generated. Finally, we propose an experiment to measure the phase difference with a tomographic reconstruction of the quantum state of the charge without closing the interferometer around the solenoid. The gate model. The phenomenon by which the phase is generated is the quantised version of the classical problem where two sources interact electromagnetically, one of which (the charge in our case) is slowly varying, [13] . For present purposes, it is possible to approximate the interaction between the charge and the solenoid as the composition of two processes (adiabatic approximation): one is the motion of the electron with velocity v along a (possibly superposed) path; the other, defined for each point r c along the charge path, is the process by which photons mediate the interaction between the charge and the solenoid, which happens on the scale of the speed of light. We are interested in modelling the latter only, representing it by a phase gate U which establishes the phase between two static sources (the charge at r c and the solenoid at r s ). The resulting dynamics, combination of both processes, approximates the dynamics generated by an effective Hamiltonian representing the dynamical exchange between the slowly varying charge distribution and the solenoid. Note that this is not a static effect, because the distribution of the charge is non-stationary (albeit slowly varying). We restrict attention to this quantuminformation model because our purpose is to demonstrate the local mechanism by which the phase is generated by entanglement with the field and built up along the path of the charge, rather than by providing a quantum-field theory model of the whole interaction. Consider three subsystems -the charge located at r c , the solenoid located in r s and the EM field F . Consider the Mach-Zehnder setup of figure 1, where r R is a point on the right path, and r L is the corresponding point on the left path. We will represent the space of observables of the three systems as H = H C ⊗F R ⊗H C , where each H C is the Hilbert space of a single qubit and F denotes the Fock space of the photon field. We shall model the charge as a qubit at each point r c along the path. Its observables are generated by the operators (q
represents the observable 'whether the charge is on the left or on the right of the solenoid', so that its eigenstate |0 represents a sharp position on the left (with eigenvalue −1) and |1 on the right (with eigenvalue +1). The solenoid will also be modelled as a qubit, whose z component q (S) z represents its presence/absence from the relevant point in the Mach-Zehnder interferometer. Although the solenoid operates in the completely classical regime, it will be acted on by a quantum gate that couples locally the field with the solenoid, the charge with the field; but not the charge and the solenoid directly with one another. Each component of the charge qubit is a generator of the Pauli algebra on H and it can be represented as q (C) α = σ α ⊗ I ⊗ I where σ α , α ∈ {x, y, z}, is the element of the Pauli matrices operating on H Q ; likewise, q
The field is a collection of N harmonic oscillators in momentum space, each mode k represented by bosonic creation and annihilation operators a k , a † k . We define them on the whole of H, so that they act trivially on the qubits: a k = I ⊗â k ⊗ I, wherê a k is the annihilation operator acting on the mode k in F only. The fast coupling between the charge and the solenoid, corresponding to the phase gate U in figure 1 , is generated by this effective Hamiltonian:
where E C and E S are the free energies of the charge and the solenoid; ω k and k represent the photon frequency and wavenumber of the mode respectively; the index 1 indicates the charge, while 2 indicates the solenoid. The Hamiltonian acts on a fixed time interval τ which represent the time for light to travel from the charge to the solenoid and back again. It is assumed to be far smaller than the time taken by the charge to complete its path around the solenoid, so U = exp − i H AB τ . We have also introduced the real-valued interaction constants C k -which couples the charge at a generic location r c to the k-th mode of the EM field; and the interaction constant G k which couples the source at location r s (the infinite solenoid) to the k-th mode of the EM field. Here we will consider a solenoid of infinite length and constant current j. This Hamiltonian applies to any phase generation, not just the AB phase, provided one choses the appropriate coupling constants. For instance, it can describe the generation of the phase due to the Coulomb interaction between the two charges, setting
It is possible to diagonalise the Hamiltonian in the photon sector by applying the following unitary transformation (a generalised displacement operator):
z . The diagonalised Hamiltonian is
where α = (
. By using the above transformations, assuming that the charge is in a sharp position state |1 at r c on the right of the solenoid and the solenoid is in a sharp position state |1 at r s , the vacuum-to-vacuum transition amplitude is computed as follows:
exp{−i ξ +φ(r c − r s ) τ } where:
is the phase which does not depend on the mutual position of solenoid and charge and the position-dependent phase is
As customary in quantum gates, we will set τ = 1 from now on. Now, we introduce the classical EM interaction energy between a charged particle and an infinite solenoid, a gauge-independent quantity defined as:
where B c and E c are the classical magnetic and electric fields generated by the charge located in r c ; B s and E s are the electric and magnetic fields generated by an infinite solenoid positioned in r s . We will fix the interaction constants C k , G k of the effective Hamiltonian, by requiring that the positiondependent phaseφ(r c , r s ) in the continuum limit (V is the standard normalisation volume):
satisfies the following equality:
A classical EM calculation (see e.g. [12] ) shows that, in the approximation where the velocity v of the charge is much lower than the speed of light, the following equality holds:
where S is the solenoid cross-section; x and y are the cartesian coordinates of a coordinate system whose z-axis coincides with the normal to the solenoid cross-section and the y axis is parallel to the direction of motion of the electron before and after the interferometer, as represented in figure 1(a) . The phase difference ∆φ(x) between two points r R and r L (located symmetrically along the path as in figure 1 ) is therefore:
By integrating ∆φ(x) with a line integral along the path (assuming a circular path and v = πρ t loop , where ρ = (x 2 + y 2 ) is the radius of the circle and t loop is the total time taken by the charge to travel on the semicircle), one obtains the AB phase ∆φ AB as computed in the standard approach. This bears out the results by Vaidman and Kang, grounding them on a quantummechanical, local interaction between the field and the two sources. Note that as already pointed out in [12] , it is possible to express the above phase as a function of a loop integral of the vector potential A. This is a purely numerical fact, that has no bearing on what brings the phase about. With hindsight, it is not really a surprising fact. Indeed, the phase difference ∆φ(x) along the path is a gauge-independent quantity and corresponds to the energy variation in the field due to the presence of the charge. The Hamiltonian H AB describes the generation of the phase point-by-point along the path of the charge, in the approximation where the interaction between the charges and the field happens much faster (speed of light) than the velocity of the charge along the path. α , represented as above in terms of Pauli matrices. The effect of the unitary generated by the Hamiltonian is that it leaves q (C) z unchanged, while the component q
is modified as follows:
where
By assuming the Heisenberg state to be a spatial superposition across the two paths, |+ c |0 F |1 s , the expected value of the observable U † q (C)
x U is non-vanishing and depends on the phase difference ∆φ(x): thus measuring this observable, or any of its functions, provides, in principle, access to the phase along the path, without closing the loop coherently, with an interferometer. Here we enter an interesting discussion. What does it mean to measure the observable q (C) x on the charge? An immediate way to measure the x-component requires the charge to be brought back to a sharp path, closing the interferometer coherently; this corresponds to a coherent measurement of q (C)
x , which therefore would only access a closed-loop type phase. But we shall now see that it is also possible to access it by performing quantum tomography, locally on each path, with an auxiliary charged particle acting as a reference. An experimental proposal. To see how, let us switch to a model where the charge qubit is described as two spatial modes representing the charge's path degree of freedom (left or right), each of which can contain 0 or 1 particles. The Hadamard gate is described in this representation as an entangling operation between the path degree of freedom and the number of particles (0 or 1) on the path (see [17] for a review in the case of photons). We will assume that the charge is an electron, as in traditional accounts of the AB effect. Let us switch to the representation via the operators b † L , b L (fermionic creation and annihilation operators for the electron to be in a spatial mode x L on the left of the solenoid) and b † R , b R (fermionic creation and annihilation operators for the electron to be in a spatial mode x R on the right). The state where the charge is in a superposition of the two locations will be 1
and |0 is the fermionic vacuum. The interaction illustrated above will produce the following state
(|01 +exp(i∆φ(x)) |10 ) where now the phase is a function of the point x along the path and it is locally generated. Depending on the phase, the above state describes states with different degree of mode entanglement. Now, measuring the phase directly by local tomography is impossible, because of superselection rules that forbid to create superpositions of odd and even number of fermions, [4] . However, the phase difference between the left and right branch of the above state can still be reconstructed by utilising another electron as a reference, [11] . The charge superselection rules can be obviated by performing local measurements (on the left and right sides respectively) involving the same number of electrons, which do not violate charge conservation nor superselection rules for fermions. Note that this protocol entails a set of local measurements and classical (decoherent) communication between the left and right sides. This is an effective way of measuring the aforementioned x-component of the electron qubit, without closing the interferometer coherently -i.e., with only decoherent communication between the two sides. Specifically, suppose one can bring in a second, reference, electron (labelled as B) superposed across the two paths, which does not undergo the AB effect (unlike electron A, which does). (This could be accomplished by appropriate shielding of the reference particle; or by making the superposed particle stationary (v = 0) so that there is no possibility of interaction with the solenoid.) We will have the following state:
where exp(i∆φ(x)) is the AB phase difference across the two points along the path of the electron. One can rearrange the above state by grouping the terms relative to the left and to the right modes, as follows:
This shows explicitly that in the branches where only one charge is present on both the left and the right arm (the second line of the above equation) the phase can be detected by measuring, locally on the left and on the right, observable whose eigenstates are superpositions of |0 A 1 B L and |1 A 0 B L ; and likewise for the right side. Measuring these observables does not violate the charge conservation or the superselection rule for fermions, because it involves a constant number of fermions. By performing a local tomographic reconstruction of the 1-particle sector of the above state, one can therefore retrieve the phase difference at any point along the path, without the need to close the interferometer coherently, as promised. Note also that this protocol is different from that presented in [18] , because the latter aims at measuring the full phase coherently, by requiring that the electron and a positron both acquire the phase and then imprint it onto a photon by annihilating half-way through the interference experiment.
Discussion. An experiment that could detect the above phase via the suggested tomographic reconstruction at a point x along the paths, could not be explained by the semiclassical model via potentials -which would thereby be experimentally refuted. This is because if the above measurement is performed at the point x along the path, the phase predicted by the semiclassical model would be
Adl -a gauge-dependent quantity, which cannot be detectable. Observing this phase would also rule out all models that insist that the phase is created non-locally and observable only once the path is closed. It could not be explained properly by the semiclassical field-based models either, because in those models the phase is generated locally at the point of the solenoid, but these semiclassical models do not explain whether it could be present at the point of the electron, where the above experiment suggests to detect it. So the above experimental scheme, upon observing the locally built up phase, would refute the semiclassical models of the AB effect and the claims that the phase is non-locally created. It also would refute the topological interpretation of the AB phase, which is non-local and hence only appropriate in the semiclassical limit. It would also vindicate our proposed fully quantum model, in which the AB phase is created in the same way as all other EM phases. This refutes the idea that the AB phase is different, anomalous, and mysterious, because of its non-locality, [6] . A similar conclusion could be reached with other possible experimental schemes. For instance, if light took longer to complete a round trip between the electron and the solenoid, compared to time for the electron to perform full interference, our model predicts that no AB phase would be observed, while the semiclassical models would predict that the phase should be observed. This could be tested in principle by inserting a material that slows photons appropriately between the electron and the solenoid. We would like to point out that the local phase built-up is not in contradiction with the fact that is frequently stated, namely that the only observable phase factor is a function of (gauge invariant) quantities expressible as integrals of the vector potential along closed loops, such as e ie Adx . This is because any fraction of this phase is also observable, for instance the n-th root of it, n exp{ie Adl}. We can think of this fractional phase as acquired during the journey of the charge on the path that is n times smaller than the one that is required to close the interferometer (assuming that the charge travels at a constant speed). As we showed, this fractional phase can actually be observed by local tomography and without closing the interferometer. Note also that in our quantum model the statement that the field is zero at the point of the electron is no longer relevant. The quantum-mechanical coupling between the sources and the field affects the quantum state of the field no matter what the expected value of the field operator is in the initial state. This is why once the field is quantised it is meaningless to say that there is a problem because the field is zero. The field is described by q-numbers which are modified accordingly by the interaction with the sources, locally at the point where the source is. Even in the vacuum the field has non-zero fluctuations. Also, from this point of view, the AB phase is of particular relevance not because it is generated by a special mechanism, but because it is the unique case where semiclassical models of phase-generations are inadequate. We also conjecture that our quantum treatment will also allow one to explain variants of the AB effect experiment, which were proposed as a challenge to Vaidman's field-field explanation, [5] . This is because our model extends Vaidman's to include the interaction of the charge with photons, thus making it in principle applicable to those cases. Finally, our result is compatible with the fact that potentials are essential in current schemes to quantise the EM field. Our effective Hamiltonian can be retrieved from the minimal coupling (p − A) in the Coulomb gauge, in the adiabatic approximation, and therefore can be expressed as a function of the operator for the vector potential A in that gauge. The same Hamiltonian can also be written in terms of field operators, albeit expressed as integrals of the fields over the whole space (see [19] ). What this means for the ontology of the quantum EM field is still an open problem. Yet, in the light of what we said, this is just the same problem arising in any other quantum EM problem with sources and interactions, so it is not a special issue arising in the AB effect. Our quantum model (which is experimentally implementable) has thus lifted the doubt on whether the AB phase is generated by a special, non-local type of interaction. As we explained, it is not.
